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Abstract 


We explore a correspondence between Melvin magnetic fluxtubes and anisotropic 
cosmological solutions, which we call ‘Melvin cosmologies’. The correspondence 
via analytic continuation provides useful information in both directions. Solu¬ 
tion generating techniques known on the fluxtube side can also be used for 
generating cosmological backgrounds. Melvin cosmologies interpolate between 
different limiting Kasner behaviors at early and late times. This has an ana¬ 
logue on the fluxtube side between limiting Levi-Civita behavior at small and 
large radii. We construct generalized Melvin fluxtubes and cosmologies in both 
Einstein-Maxwell theory and dilaton gravity and show that similar properties 
hold. 
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1 Introduction 


It is often fruitful to explore underlying connections that exist between different types 
of physical phenomena, the AdS/CFT correspondence being a prominent example. A 
related example, known as the the domain wall/cosmology correspondence was introduced 
in HI El El- The simplest instance of this correspondence is the map from AdS, regarded 
as a domain wall, to dS, regarded as a cosmology, via analytic continuation. Starting with 
AdS written in Poincare coordinates with cosmological constant A = — 3/Z 2 

ds 2 = dr 2 — dt 2 + dy 2 + dz 2 ), (1) 

one views the t, y and z coordinates as tangent to a static, domain wall with evolution in 
the radial direction r. Slices tangent to the wall, i.e. at constant r, are Poincare invariant. 
Under the analytic continuation r = iT, t — ix, l — iL , these constant r slices map 
onto constant T slices of dS in cosmological coordinates with flat spatial sections with 
cosmological constant A = +3 /L 2 

ds 2 = dT 2 + dx 2 + dy 2 + dz 2 ) (2) 

T 2 

The Poincare invariance of the AdS constant r slices maps to the homogeneity and isotropy 
of the dS constant T slices, and vice-versa. 

In this paper we will study a similar connection between domain wall and cosmological 
spacetimes, but with a few key differences. First, rather than a cosmological constant,which 
provides curvature, we will consider spacetimes with electromagnetic fields. Second, our 
domain walls and cosmologies will be anisotropic, with an electric or magnetic field pro¬ 
viding a preferred spatial direction. The domain walls we consider are generalizations of 
the Melvin spacetime^ |TJ. The corresponding cosmologies will be generalizations of the 
homogeneous, but anisotropic magnetic cosmologies found by Rosen OE]. 

Both types of solutions play important roles in gravitational physics. Melvin magnetic fields 
have been widely used to study phenomena such as black holes in background magnetic 
fields, the quantum pair creation of oppositely charged black holes, and fluxbranes in string 
theory. Anisotropic magnetic cosmologies, on the other hand, have long been of interest in 
the context of both primordial magnetic fields and possible large scale cosmic anisotropy. 

The generalized Melvin and anisotropic cosmological solutions we consider include both 
new solutions and reconstructions of existing results. In all cases, however, the relations 
we find between them expose common structures and patterns. These relations provide a 

3 As we discuss below, Melvin may be regarded as a magnetic fluxtube, as it most commonly is, or 
alternatively as an anisotropic domain walls, depending on the range of coordinates chosen. We will move 
back and forth, as convenient, between these two global forms of the same local solution. 
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bridge between different areas, allowing results in one area to be transferred directly to the 
other. For example, it is well known that solutions containing Melvin-type fields may be 
constructed via solution generating techniques starting from vacuum solutions [?, [8j- The 
corresponding cosmological solutions have typically been found by direct solution of the 
field equations. However, we will see that the solution generating methods apply in this 
context as well and provides additional organizational structure. In the other direction, it 
was originally observed in [2] that magnetic cosmologies interpolate in their evolution from 
early to late times between different Kasner spacetimes, which are anisotropic cosmological 
solutions to the vacuum held equations. This behavior is reminiscent of the BKL oscillation 
between approximate Kasner solutions in the approach to a spacelike singularity [10] - Via 
the correspondence of cosmologies to huxtubes, we see that Melvin spacetimes similarly 
interpolate between two distinct cylindrically symmetric vacuum, Levi-Civita solutions. 

The plan of this paper is as follows. In Section ([2]) we show that the Melvin magnetic flux- 
tube can be analytically continued to obtain an anisotropic electric cosmology, which we 
call the Melvin cosmology. An alternative, magnetic held sourcing the Melvin cosmology 
can be obtained through electromagnetic duality. In Section ([3]) we introduce the vac¬ 
uum Levi-Civita and Kasner families of spacetimes, which also form a pair under analytic 
continuation, and will be important in our construction of a more general class of Melvin 
huxtubes and cosmologies. In Section ([5]) we show that the Melvin huxtube and cosmology 
act as interpolating spacetimes between respectively different vacuum Levi-Civita and Kas¬ 
ner limits. In Section (|5]) we construct generalizations of the Melvin huxtube and cosmology 
by applying a solution generating technique to seed Levi-Civita and Kasner spacetimes. In 
Section © we show that these generalized Melvin solutions act as interpolators between 
the seed solutions and different Levi-Civita and Kasner limits and give a simple form for 
the interpolating map. In Section ([7]) we add a scalar dilaton held with exponential cou¬ 
pling to the electromagnetic held strength and show that a similar set of results hold in 
this theory. In Section (|8]) we offer some concluding remarks on the significance of our 
results and directions for future work. We note that analytic continuation between Melvin- 
type huxbranes and cosmologies has previously appeared in m, while the Kasner limits 
of Melvin cosmologies have been studied in the context of Kaluza-Klein cosmology in na. 
Related work has also appeared in references mmm- 


2 Melvin fluxtube to Melvin cosmology 


The starting point of our investigation is the well-known Melvin solution of the Einstein- 
Maxwell equations [3]. The Melvin solution may alternately describe a cylindrically sym¬ 
metric magnetic huxtube or an anisotropic domain wall, depending on a choice of coordinate 
range. Through analytic continuation of the domain wall, one obtains an anisotropic cos¬ 
mology, which we will call the “Melvin cosmology”. The metric and gauge potential for 
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the original Melvin solution [T] are given by 

■r 2 Br 2 B 2 r 2 

ds 2 = f 2 (r)(dr 2 -dt 2 + dy 2 ) + —d<p 2 , f = 1 + —• (3) 

A magnetic field points in the ^-direction with strength proportional to the parameter 
B , which has dimensions of inverse length. The coordinate ip is usually taken to be an 
azimuthal angle with range 0 < ip < 2n. In this case, the total magnetic flux is finite and 
given by <3 >b = Att/B and Q describes a static, cylindrically symmetric fluxtube, with the 
magnetic flux confined by its own gravitational field. In addition to rotational symmetry in 
the (^-direction and translational symmetries in the t and y directions, the Melvin fluxtube 
is also boost symmetric in the ty- plane. 


The Melvin solution can alternatively describe an anisotropic domain wall the direction 
of the magnetic field giving a preferred spatial direction. Let us rescale the dimension¬ 
less azimuthal coordinate according to ip = Bz and take the range of the dimensionful z 
coordinate to be — 00 < z < 00 . The Melvin ‘domain wall’ solution now has the form 


ds 2 = f 2 (r)(dr 2 — dt 2 + dy 2 ) + 


2,„2 


B 2 r 

f 2 (r 


- dz 2 , 


. B 2 r 2 , 

A = T T ’ 


2„2 


/ = 1 + 


B 2 r 


(4) 


with the t, y and z being directions tangent to a 2 + 1 dimensional wall that evolves in 
the radial direction r. The wall is spatially homogeneous, time translation invariant, and 
boost invariant in the ty- plane. However, the difference in radial dependence between the 
metric components g yy and g zz make it anisotropic. The magnetic field is tangent to the 
wall, pointing in the ^/-direction and the total magnetic flux is infinite. 


It is now straightforward to analytically continue the Melvin domain wall to obtain what 
we will call the “Melvin cosmology”. This is accomplished by setting r = iT , t = ix and 
also, in order to keep the gauge potential real, B = —iE , resulting in the spacetime fields 

ds 2 = f 2 (T)(-dT 2 + dx 2 + dy 2 ) + ^^dz 2 , A=^—dz, f(T) = 1 + —, (5) 

The Melvin cosmology has homogeneous, but anisotropic flat spatial slices, and a spatially 
uniform electric field pointing in the ^-direction. The boost symmetry of the Melvin domain 
wall has mapped into a rotational symmetry of the Melvin cosmology in the xr/-plane. 
Electromagnetic duality can be used to trade the electric field for a magnetic field in the z- 
direction. The metric is unchanged and the resulting field strength is given by the constant 
F = E 

The Melvin cosmology (JHJ) is not a new solution^ As shown in Appendix ([A]), its mag¬ 
netic form coincides with the plane symmetric case of a family of anisotropic magnetic 

4 Note that the Melvin cosmology is also distinct from the cosmological Melvin fluxtube solutions m, 
which are both inhomogeneous and anisotropic, describing a Melvin fluxtube embedded in an FRW back¬ 
ground. 
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cosmologies found by Rosen USE]- The general Rosen cosmologies break all spatial rota¬ 
tional symmetries and this naturally leads to the question of whether there exist generalized 
Melvin domain walls, or equivalently fluxtubes, that analytically continue into these more 
general anisotropic cosmologies. Such generalized Melvin solutions can be constructed di¬ 
rectly starting from the Rosen cosmologies via analytic continuation. However, we will 
follow an alternative path in the next sections that offers additional insight into both the 
domain wall/fluxtube and cosmological solutions. 


3 Kasner and Levi-Civita 


A primary benefit from understanding underlying connections between different types of 
physical phenomena is the ability to translate known properties or useful techniques from 
one side to the other. In the present case, it is well known that solution generating tech¬ 
niques can be used to generate Melvin magnetic fields starting from vacuum solutions Hi- 
This not only allows one to generate new solutions, but also provides organizational struc¬ 
ture to the space of solutions. Cosmological solutions with magnetic fields, such as those 
in 13 El, have typically been found by direct solution of the field equations. We will see 
that they can also be found using solution generating, adding to our understanding of the 
space of cosmological solutions. 

The starting point for these solution generating methods are vacuum solutions that share 
the same symmetries. In this section we will discuss the properties of the relevant vac¬ 
uum solutions. On the fluxtube side, these are the static, cylindrically symmetric vacuum 
solutions found by Levi-Civita na- Similarly to the Melvin solution, the Levi-Civita solu¬ 
tions can also be taken to describe anisotropic domain walls, by exchanging the azimuthal 
coordinate (p for a Euclidean coordinate z. These Levi-Civita domain walls analytically 
continue into Kasner, anisotropic vacuum cosmologies. 

Let us begin on the cosmology side by recalling that, while there are no isotropic, homo¬ 
geneous, vacuum cosmologies with flat spatial slices, there are anisotropic solutions known 
as the Kasner spacetimes [IS]. These are given by 

3 

ds 2 = —dT 2 + ^(T/T 0 ) 2p ‘(cLR) 2 (6) 

i= 1 

where the exponents must satisfy the two constraints 

3 3 

= = 1 ( 7 ) 

i =1 i= 1 

in order to solve the vacuum Einstein equations. Since there are 3 Kasner exponents 
satisfying 2 constraints, this leaves a 1 parameter family of Kasner solutions. The parameter 
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Figure 1: The Kasner circle parameterizes the solutions to the Kasner constraints in terms of an 
angle ifr and shows the relationship between the exponents p \, P 2 and P 3 . 


T 0 can be set to one by rescaling the spatial coordinates. However, we will keep factors of 
To explicit to facilitate keeping track of units. The Kasner solutions (j6| can be analytically 
continued to static, anisotropic vacuum domain walls by setting T = ir, x 1 = it, and 
To = fro- This yields the family of metrics 

3 

ds 2 = dr 2 — ( r/r 0 ) 2 pi dt 2 + ^(r/r 0 ) 2pi (TT) 2 . (8) 

i=2 

that is locally equivalent to the static, cylindrically symmetric vacuum solutions found by 
Levi-Civita ra. more commonly written as 

ds 2 = ~(R/R 0 ) 4 <T dt 2 + (R / i? 0 ) 4o ' (2 ' J_1) (dR 2 + dz 2 ) + (R/R 0 )- 4 a R 2 d<p 2 (9) 


where ip is an azimuthal angular coordinate with range 0 < < 2n. The Levi-Civita 

parameter a takes values in the range — oo < a < oo. The metrics (J8]) and (|9]) are related 
through the radial coordinate transformation r/r Q = ( R/R 0 ) x with 


A = 4<j 2 -2a + l (10) 

and r 0 = T 0 /(A — 1), and additionally setting x 1 = z and x 2 = T 0 <p. The exponents in (|8]) 
are then found to be given in terms of the parameter a by 



P2 = 


2<j(2<7 

A 


1 ) 


1 - 2 a 

P3 = —, 


( 11 ) 
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which satisfy the Kasner constraints 0. We can think of the metric (J9]) as the Levi-Civita 
‘fluxtube’ and the metric ([8]) as the Levi-Civita ‘domain wall’. 


The relations 0 give one parameterization of the solutions to the Kasner constraints. 
An alternative parameterization is given by an angle ip on the ‘Kasner circle’ of radius | 
centered at the point (|,0) shown in Figure ([Tj) , with the exponents given by 

1 4 tt 1 2ir l 

Pi = -[! + 2cos(V’ + y)], p 2 = ~[l+2cOs(lp+ —)}, p 3 = - [1 + 2 cos(ip)] (12) 


Taking ip —» ip + 27t/ 3 permutes the Kasner exponents and yields physically equivalent 
spacetimes. The Kasner angle ip and Levi-Civita parameter a are related according to 


cos ip 


1-2 a- 2a 2 
1 — 2a + 4<t 2 


(13) 


It will be useful to look at a few special cases of Kasner spacetimes. The solutions with 
ip = 0, 27t/3, 47t/ 3 are Minkowski spacetime with Milne coordinates. For example, taking 
ip — 0 gives 

ds 2 = — dT 2 + (dx 1 ) 2 + (dx 2 ) 2 + T 2 (dx 3 ) 2 (14) 

while the other two choices for ip permute the T 2 factor to the other spatial coordinates. 
The three possiblities correspond to a = 0, ±oo respectively. We can also see from Figure 
Q that with the exception of these flat solutions precisely one of the Kasner exponents is 
always negative. 

Plane symmetric Kasner solutions, such that two exponents are equal, will also be important 
for us. Up to permutation of the exponents there are two such solutions. With pi = p 2 
these are ip — 0,7T, or correspondingly a — 0,1. As already noted, the ip — 0 solution is 
Minkowski spacetime. The ip = tt solution 

ds 2 = -dT 2 + T^Kdx 1 ) 2 + (dx 2 ) 2 } + T- 2 / 3 (dx 3 ) 2 (15) 

is a non-flat plane symmetric cosmology. Equivalent solutions with different permutations 
of the exponents occur for ip = ±7t/ 3. Depending on precisely which two exponents are 
equal, the plane symmetric Kasner solutions analytically continue to Levi-Civita spacetimes 
that have either planar rotational symmetry or a boost symmetry. We will be primarily 
interested in this latter case, which corresponds to the Levi-Civita fluxtube with ip = tt 
( a = 1), is given by 

ds 2 = (R/Rofi-dt 2 + dR 2 + dz 2 } + (. R/R 0 )~ 4 R 2 d(p 2 (16) 

and has a boost symmetry in the ^-direction, but is non-flat. 
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Figure 2: A schematic display of interpolating properties of Melvin Buxtubes and cosmologies. 
Melvin cosmologies interpolated between different vacuum, anisotropic Kasner cosmologies in their 
early and late time limits, while Melvin Buxtubes interpolate at small and large radius between 
the corresponding vacuum, Levi-Civita solutions. 

4 Interpolating via Melvin 


It is well known that BPS black hole solutions such as the extreme Reisner-Nordstrom 
black hole interpolate between different fully supersymmetric vacuum states at infinity 
and the near horizon regime. Melvin spacetimes, both the fluxtube (or domain wall) and 
cosmology, interpolate between solutions of the vacuum Einstein equations in a somewhat 
similar manner. For the fluxtube (or domain wall) this happens between the small and 
large radius limits, while for the cosmology it occurs between the limits of early and late 
times. 


Let us first consider the small radius limit, such that Br <C 1, of the Melvin solution in its 
fluxtube form Q. In this limit the function / — 1 and the metric is given approximately 
by the Minkowski metric in cylindrical spatial coordinates 


ds 2 ~ dr 2 — dt 2 + dy 2 + r 2 dip 2 , 


(U) 


which we will choose to think of as the boost-symmetric Levi-Civita metric ([9]) with expo¬ 
nents p 0 = p 2 = 0 and p 3 = 1, or equivalently parameter cr = 0. Now consider the opposite, 
large radius limit of the Melvin fluxtube Q such that Br 1. We then have / ~ B 2 r 2 /4 
and the metric approaches 


R 4 r 4 

> 2 D 1 ( 7 2 

ds ~ 


16 


(i dr 2 — dC + dy 2 ) + 


16 

B A r 2 


dp 2 


(18) 


Comparing to equation (16), we see this is the Levi-Civita fluxtube with a = 1, which 
besides flat spacetime is the only other non-flat boost-symmetric Levi-Civita solution. The 
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Figure 3: A schematic display of the relations via analytic continuation and solution generating 
between the Melvin fluxtube and cosmology, and Minkowski spacetime in different coordinate 
systems 


Melvin fluxtube can then be thought of as interpolating between the two vacuum boost 
symmetric Levi-Civita spacetimes, with er = 0 and a — l respectively, in its small and 
large radius limits. The same analysis holds for the domain wall forms of the Melvin and 
Levi-Civita solutions. 


The analysis for the Melvin cosmology (J5]) is essentially the same. In this case, if we 
look in the early time limit, such that ET <C 1, then the spacetime approaches Minkowski 
spacetime in Milne coordinates (14). In the late time limit, with ET 1, a transformation 
of the time coordinate shows that it approaches the non-flat, plane symmetric Kasner metric 
(15). The Melvin cosmology, in either of its either electric or magnetic forms, can then be 
thought of as interpolating between the two plane symmetric vacuum Kasner spacetimes, 
with a = 0 and a = 1 respectively, in the limits at early and late times. The limiting 
behaviors for the Melvin fluxtube and cosmology are schematically illustrated in Figure 

0 - 


These results raise further questions. Is there a generalization of the Melvin cosmology (J5]) 
that interpolates between an arbitrary Kasner spacetime and some other Kasner spacetime 
in the early and late time limits? If so, what is the map between the vacuum solutions at 
early and late times? Correspondingly, is there a generalization of the Melvin fluxtube (|4]) 
that interpolates between an arbitrary Levi-Civita spacetime near the axis and a different 
one at infinity? We will construct such generalized Melvin spacetimes in the next section. 










5 Generalized Melvin 


In order to construct appropriately generalized Melvin spacetimes, we recall how the Melvin 
fluxtube may be generated starting from Minkowki spacetime Cl El- Assume that a solution 
to the Einstein-Maxwell equations has a Killing vector d/dx and denote the spacetime 
coordinates by ( y l ,x ) with i = 1,2,3, so that the spacetime metric and gauge potential 
are specified in terms of (fi'p-, gi X , g xx , A, A x ). Further assume for simplicity that Qi X = 0 
and also that the gauge held of the seed solutions vanishes, so that = A x = 0. A new 
solution to the Einstein-Maxwell equations is then given by 


9ij = f 9iji 9 XX = f 9xxi A x = (1®) 

f ~ 1 + ~4~9xx 


where B is a free parameter and g[ x — A' t — o cn ib]. Applying this transformation to 
Minkowski spacetime in cylindrical coordinates, with x taken to be the azimuthal coordi¬ 
nate, yields the Melvin fluxtube (|4| . One similarly Ends that applying it to Minkowski 
spacetime in Milne coordinates (14), with y identified with the coordinate x 3 , yields the 
Melvin cosmology ([5]). This situation is illustrated in Figure (|3]). 


Recall from the previous section that the Melvin fluxtube interpolates between hat space- 
time at small radius and the non-hat, boost symmetric Levi-Civita spacetime (16) at large 
radius. We want to End a generalization of Melvin that interpolates between an arbitrary 
Levi-Civita huxtube near the axis and another one at large radius. This can be obtained 
by acting with the transformation (19) on the general Levi-Civita huxtube (J9]) . In this way 
one obtains the solution to the Einstein-Maxwell equations 


ds 12 = f 2 [-(R/Ro^dt 2 + (R/i?o) 4ff(2ff ” 1) (^ 2 + dz 2 )] + f~ 2 {R/R 0 )~ Aa R 2 dip 2 (20) 

9 d2 

A *=Bf> f = i + ^(R/Ro) 2 ~ 4 ° 

For cr = 0 this reduces to the original Melvin huxtube Q, while for general values of cr 
it is a generalization of the Melvin huxtube^} These are not regular at R = 0, but in the 
cosmological setting this singular behavior becomes the big bang. 


We can carry out a similar construction starting from the general Kasner cosmologies © 
to obtain generalized Melvin cosmologies. Taking ^-direction in this case to be x 3 -direction 
and using E for the parameter, we obtain the solution to the Einstein-Maxwell equations 

ds' 2 = f 2 [-dT 2 + (T/T 0 ) 2pi (dx 1 ) 2 + (T/T 0 ) 2p2 (dx 2 ) 2 ] + f- 2 (T/T 0 ) 2p3 (dx 3 ) 2 (21) 

y = / = i + R( T /t 0 > 2 » 

5 See [IS] and references therein for an account of the earlier history of these solutions. 
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Starting from a general Kasner metric has given a generalized anisotropic Melvin anisotropic 
cosmology with an electric field along the z-direction. Electromagnetic duality can by used 
to convert the electric field to a magnetic held. In Appendix (|A]) we show that the magnetic 
versions of these reproduce the Rosen solutions (5J (6^] Setting p 3 = 1 and pi = P 2 = 0, 
corresponding to a = 0, this is the original Melvin cosmology (|5]). 


6 Interpolating map 


In this section we examine the limiting behaviors of the generalized Melvin huxtubes and 
cosmologies found above, showing that they interpolate respectively between different vac¬ 
uum Levi-Civita and Kasner limits. This is most straightforward to see for the general¬ 
ized Melvin huxtubes (20). First assume that the Levi-Civita parameter is in the range 
a < 1/2. At sufficiently small radius we then have / — 1 and the metric approaches the 
original Levi-Civita spacetime used as a seed for the solution generating map (19). At large 
radius, however, the second term in / dominates and the metric, after linear rescaling of 
the coordinates, has the form 


ds' 2 ~ -(R/R 0 ) 4 ~ 4(T dt 2 + (R/Ro) 8a2 ~ 12a+4 (dR 2 + dz 2 ) + (R/R 0 )~ 4+4a R 2 d(j) 2 (22) 

We recognize this as the Levi-Civita huxtube metric (|9]) with parameter 1 — a. With 
cr > 1/2, the two regions are reversed. We find the original seed Levi-Civita spacetime 
parameterized by a at large radius and the new one parameterized by 1 — a at small radius. 
In either case, the resulting interpolating map between Levi-Civita solutions in the small 
and large radius is given by a —> 1 — cr, generalizing the result for the original Melvin 
fluxtube Q which interpolates between Levi-Civita solutions with a = 0 and a = 1. 


The situation for the generalized Melvin cosmologies (21) is analogous. In this case we 


work in terms of the Kasner exponents. Start by assuming that the exponent p 3 > 0 in 


(21), so that the the function / ~ 1 at early times and the spacetime approaches the seed 


Kasner metric with parameters (pi,P 2 ,p 3 ) in this limit. At late times, however, the second 
term in / is dominant and the metric approaches 

B A 16 

ds' 2 ~ -(T/T 0 ) 4p3 [-dT 2 + (T/T 0 ) 2pi (dx 1 ) 2 + (T/T 0 ) 2p2 (dx 2 ) 2 } + —(T/T 0 )~ 2p3 (dx 3 ) 2 (23) 

lO -D 4 


This can be put into Kasner form via the coordinate transformation T/To = ( T/Tq) 2p3+1 
with Tq = R 2 To/4(2p 3 + 1) and one finds that the new Kasner exponents are given by 


Pi 


Pi + 2 p 3 
2p 3 + 1 ’ 


P2 


P2 + 2 p 3 
2p 3 + 1 ’ 


P3 


P3 

2p 3 + 1 


(24) 


6 A closely related spacetime also appeared recently as a fake-supersymmetric solution of Einstein gravity 
coupled to a gauge field with a wrong sign kinetic term |19] . 
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which also follow from equations (10) and © by replacing a with a = 1 — a. Hence the 
Melvin cosmologies, and as we will see also the scalar-Melvin cosmologies studied below, 
have behavior that is reminiscent of the BKL approach to a spacelike singularity, in which 
the universe bounces between different approximate Kasner regimes. 


7 Adding a massless scalar 


Generalized Melvin fluxtubes and cosmologies with similar interpolating properties can also 
be constructed with an additional massless scalar field. We will also include an exponential 
coupling of the scalar to the electromagnetic field and consider the 4 D dilaton gravity 
theory given by 

S = I d 4 xV=g (R - 2(V</>) 2 - e ~ 2a *F 2 ) , (25) 

For dilaton coupling a = 0 this reduces to Einstein-Maxwell theory minimally coupled to 
a massless scalar field, while for a ^ 0 the electromagnetic field acts as a source for the 
scalar field. In addition to the a = 0 case, we will be particularly interested in a = \/3 
which arises from the Kaluza-Klein reduction of 5 D Einstein gravity. The theory with 
a = 1 arises in string theory, while dilaton coupling a = l/\/3 comes from the dimensional 
reduction of 5 D Einstein-Maxwell theory. One starts with the Melvin fluxtube solutions 
to dilaton gravity m given by 


ds 2 = /i+s* ( dr 2 — dt 2 + dy 2 ) + / I +°?r 2 d(p 2 , 
-~ 2 (1 + a 2 )B 2 r 2 


- Br 2 


(26) 


= —2 atj> _ 


= P 


f = 1 + 


For a = 0, the scalar field vanishes and this reduces to the Melvin fluxtube of Einstein- 
Maxwell theory J4l). A notable feature of the dilaton Melvin fluxtubes is that for dilaton 
coupling a < v3the size of constant r circles contracts to zero for large r, giving it the 
‘teardrop’ shape of the original Melvin fluxtube (|4). For a > Vs, on the other hand, the 
size of the circles continues to increase at large radius, although less quickly than in flat 
spacetime. For a = the circles have asymptotically constant radius. 


The dilaton Melvin fluxtube can be converted into a domain wall solution by setting ip = Bz 
and taking z to run from — 00 to 00 . The dilaton Melvin domain wall can then be analyti¬ 
cally continued, precisely as in Section (J 2 J), to yield anisotropic dilaton Melvin cosmologies, 
given by 


ds 2 

= —2 a(f> 


fB^(-dT 2 + dy 2 + dy 2 ) + f~^E 2 T 2 dz 2 , 
(1 + a 2 )E 2 T 2 


2 ,,. 2 


W,= 


E z r 


(27) 


2a* 

f 1+a 


f = 1 + 
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Whether the dilaton coupling a is greater than, less than, or equal to the critical value 
a/3 determines whether the scale factor in the 0 direction is increasing, decreasing, or 
asymptotically constant in the late time limit. 


We now proceed in parallel with the previous sections by introducing dilaton versions of 
Levi-Civita and Kasner spacetimes. These will in turn be used to build generalizations 


of the dilaton Melvin fluxtube (26) and cosmology (27) that have interpolating properties 


analogous to those found above without the scalar held. The dilaton Levi-Civita and 
Kasner spacetimes, like their non-dilatonic counterparts, have vanishing electromagnetic 
held strength and hence are independent of the dilaton coupling. In particular, the original 
Levi-Civita and Kasner spacetimes with a constant value for the scalar held are solutions 


to dilaton gravity (25) for any value of the dilaton coupling. However, there are also 


solutions with a nonconstant scalar held. These can be obtained by focusing on the theory 
with a = \/3 and making use of its equivalence to the dimensional reduction 5 D Einstein 
gravity. 

A solution to a = a/3 dilaton gravity is obtained from a solution to 5 D Einstein grav¬ 
ity, having translational invariance in the extra dimension, by identifying the AD helds 
(g a b, A a , (j)) in terms of the components of the 5 D metric according to 


,/»? = e - i *l' /i (dw + 2 A a dx a f + e +2 * /v *g ab dx‘dx b 


(28) 


where w is the additional spatial coordinate. If we consider only solutions with A a = 0, 
then the resulting metric and scalar held will be solutions to dilaton gravity for any value 
of a. Let us start with the 5 D Kasner spacetimes 


ds\ = -df 2 + J2^/T 0 ) 2pk {dx k ) 2 + ( T/T 0 ) 2s dw 2 
k =1 

with exponents satisfying the 5 D Kasner constraints 


(29) 


J2 pk+s = 'l2 p t +s2 = 1 


(30) 


k =1 


k =1 


Reducing to AD using the decomposition (28) of the 5 D metric and then transforming to 


a new time coordinate that restores the Kasner form of the metric, one obtains the AD 
scalar-Kasner solutions [9] 


ds 2 = —dT 2 + J2( T / T o) 2pi ( dxi 


i =1 


—4 4 > 


eW = (t/T 0 ) 


2s 


(31) 


The new AD scalar-Kasner exponents (pk, s) are related to the original 5 D Kasner exponents 
by 

2 Pk + s _ 2s 

Pk = n , . , s = ——. (32) 


2 + s 


2 + s 
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It follows from the 5 D Kasner constraints (30) that these exponents satisfy the new scalar- 
Kasner constraints 


XA = 1 > X)P‘ = 1_ 9 S2 


(33) 


k =1 


k =1 


Solutions to these constraints can be parameterized by the scalar exponent s together with 
an angle on a ‘scalar-Kasner circle’ whose radius depends on s. The spatial exponents 
are given by 

1 4tt __ 1 2 n _ 1 

p! =- +Rcosi'ip +—), p 2 =- +Rcos^ +—), Ps = g + Rcos(i>) (34) 

and the radius by R 2 = | — s 2 . The scalar exponent must M3 in the range \s\ < 2/3. At 
the extremes of this range, with s = ±2/3, the radius of the scalar-Kasner circle shrinks to 
zero. The spatial Kasner exponents pk in this case are all equal to |, giving the well-known 
isotropic FRW solution for a massless scalar field 

3 

ds 2 = —dT 2 + (T/T 0 ) 2/3 [^(Tc fc ) 2 ], J = (T/T 0 ) ± l (35) 

k =1 


which corresponds to a perfect fluid with equation of state parameter w = 1. Note more 
generally from (|34]), that in contrast to the vacuum Kasner solutions, if s 2 > then all 
the the spatial Kasner exponents will be positive and the universe will be expanding in 
all directions. Finally, the scalar-Kasner solutions may be analytically continued to obtain 


scalar-Levi-Civita spacetimes. Letting T = ir , x l = it and To = fro in (31) gives these in 
the static, anisotropic domain wall form 


3 

ds 2 = dr 2 — (r/roY^dt 2 + y^(r / r 0 ) 2 ^ fc (dx k ) 2 , e^ = (r/r 0 ) 


-40 


2s 


k=2 


(36) 


Electric and magnetic helds can now be added via solution generating to the scalar-Kasner 
and scalar-Levi-Civita solutions in order to obtain generalizations of the dilaton Melvin 
cosmologies and fluxtubes. The solution generating technique used in Section (J5]) was 
generalized to dilaton gravity in eh. Assume that a solution to the equations of motion 


of dilaton gravity (25) has a Killing vector d/d\ and again denote the spacetime coor¬ 
dinates by ( y\x ) with i = 1,2,3, so that now the spacetime are specified in terms of 
(dij, Qixi Qxxi Aii A x , 0). Further assume for simplicity that g ix = 0 and also that the seed 
solution has Ai = A x = 0. A new solution to dilaton gravity is then given by 

2 


9ij = f 


d - 2ai / _ 


= t 1 +a^ 


9: 




9xx = f 


_ 2 _ 

1+a 


= f^e 


—2 acf) 


f = i + 


9xxi 
(1 + a 2 ) 


± (1 + a 2 )Bf 


(37) 


B 2 g xx e^ 


7 For the D = N + 1 dimensional Kasner constraints, one can show that all exponents he in the range 


N-2 


N < p < 1. For D = 5 this implies that — / < s < 1, which using (32) yields the range for s. 
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where B is a free parameter and g\ = A[ = 0. Applying this transformation to Minkowski 


spacetime in cylindrical coordinates yields the dilaton Melvin fluxtube (26) [211122], while 
applying it to Minskoski spacetime in Milne coordinates yields the dilaton Melvin cosmology 


(27). 


Let us focus on dilaton cosmologies and begin by adding an electric field in the ^-direction 


to the scalar-Kasner solutions (31). For simplicity, let us also begin by working with the 
a = 0 case, Einstein-Maxwell theory coupled to a massless scalar held. Taking the limit 


a —>• 0, the transformation (37) reduces to the original transformation (19) supplemented 
by the rule (j)' = <p for the scalar held. Taking x hi (37) to be the ^-direction and denoting 


the parameter by E we obtain the generalized scalar Melvin cosmologies 

ds' 2 = f 2 [-dT 2 + (T/Tq) 2 ? 1 (dx 1 ) 2 + (T/T 0 ) 2p2 (dx 2 ) 2 ] + f- 2 (T/T 0 ) 2 ? 3 (dx 

V 3 =-Jt eA = (T/T„) 2i , /= 1 + ^(T/T„) 2 » 


3\2 


(38) 


If the scalar exponent s — 0, these reduce to the original generalized Melvin cosmologies 


(31). 


given in (21). For s=^0we have the shifted exponents found in the scalar-Kasner solutions 


We can check that the generalized scalar Melvin cosmologies (38) interpolate between 
different scalar-Kasner limits. Assume that p 3 > 0, so that at early times / ~ 1 and 
the metric approaches the original seed scalar-Kasner metric. At late times, the function 
/ ~ E 2 (T/T 0 ) 2 ? 3 / 4. At hrst sight, the metric (38) in this limit does not have the scalar- 


Kasner form. However, via a change in the time coordinate such that T/T 0 = (T'/T/) 2i> 3+ 1 
the spacetime holds in the late time limit become 


4<y 


ds 12 ~ -dT' 2 + /T' a ) v "(dx k ) 2 , = (T'/T,)) 25 ' 


(39) 


k =1 


where the new scalar-Kasner exponents are given by 

P2 + 2p 3 


~z Pi + 2 p 3 
Pi = 


2p 3 + 1 


P2 = 


2p 3 + 1 


p',1 


P 3 


2p 3 + l’ 


s = 


2p 3 + 1 


(40) 


It is easily checked that these satisfy the scalar-Kasner constraints (33). We see that the 


interpolating effect of the electric held on the spacetime exponents in the presence of the 
dilaton matches the effect on the spatial exponents when connecting two vacuum Kasner 


spacetimes in (24). Note that the scalar exponent is modified between early and late times, 


even though the scalar held is unaffected by the introduction of the electric held, due to the 
transformation of the time coordinate needed to put the late time metric into the Kasner 


fornj^J 


As an example, consider starting with the FRW case (35) which has s = | and 


8 It would be nice to find a parameterization of solutions to the scalar-Kasner constraints such that the 


interpolating map (40) has a simple form, similar to the map cr —> 1 — a that holds in the non-scalar case. 
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Pk = \- Adding an electric field in the x 3 -direction breaks the isotropy and leads to a late 
time scalar-Kasner phase with exponents s' = |, p\ = p' 2 = | and p' 3 = — Although all 
the spatial directions start out expanding at early times, we see that the ^-direction is 
contracting in the late time scalar-Kasner phase. 


Finally, all this can also be done including a nonzero dilaton coupling. The generalized 
dilaton Melvin cosmology is then found to be 


ds' 2 

4 


/W? [-dT 2 + (T/To) 2 ^ 1 (dx 1 ) 2 + (T/T 0 ) 2 P 2 (dx 2 ) 2 ] + (T/T 0 ) 2p:i (dx 3 ) 2 (41) 

2 ^ e _ 2af = f = 1 + _l_ E 2^ T/To yp 3 -V3as 


If we assume that A = 2 ^ 3 1 l^ as > 0, then at early times the spacetime is asymptotic to 
the seed solution with exponents ( pk , s) while at late times it approaches the scalar-Kasner 
spacetime with exponents 


Pi + A 


A + 1 ’ 


P'i 


P2 + A 
A + 1 ’ 


P 3 - A s + 2aA/v / 3 

Ps = TTT' s = ITT 


(42) 


These solutions may also be analytically continued to obtain generalized dilaton Melvin 
domain-wall/fluxtube solutions. 


8 Conclusions 


In this paper we have explored different aspects of the duality, via analytic continuation, 
between Melvin fluxtubes and anisotropic electromagnetic cosmologies. We have seen how 
solution generating techniques, used to construct fluxtube solutions, can also be used to 
construct the corresponding cosmologies, which have more commonly been found via brute 
force methods. We have also seen how the interpolating feature of the cosmologies, between 
vacuum Kasner limits, has a counterpart in the radial evolution of Melvin fluxtubes between 
different vacuum Levi-Civita limits. These observations strengthen our understanding of 
these classes of spacetimes by exposing an underlying common structure. Finally, we have 
seen that a similar structure exists when a massless dilaton held is included with exponential 
coupling to the gauge held strength. 

A number of interesting directions exist for further investigation. One possibility is to look 
at the cosmological duals and interpolating properties of more general huxbrane solutions 
ra. including supersymmetric examples. A second possibility is to add in a potential for 
the scalar held to understand the structure of anisotropic inhationary models (see e.g. the 
review 0) and their huxbrane counterparts. This would hopefully yield a more systematic 
understanding of violations of the cosmic no-hair property [25] in these models. A third 
direction is adding a cosmological constant, with potential (A)dS/CFT applications. 
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Appendix 

A Rosen magnetic cosmologies 


In this appendix we show that the generalized Melvin cosmologies (21) we have constructed 
are equivalent to anisotropic cosmological solutions to the Einstein-Maxwell equations 
found many years ago by Rosen [HIE]. Electric versions of the Rosen solutions are given by 


ds 2 = 
A = 


cos 2 | 


• 4 ± 
Sill t 

dy 3 


t\2c 2 


62(taD ^ n+C2) -^ + (ta i ) 2 V )> + (tan y ( dv r +s inH(d V r- 


sin 2 1 


sin 2 1 


(43) 


where the product C 1 C 2 = 1. The original magnetic versions can be recovered by electromag¬ 
netic duality. The first step in demonstrating the equivalence of these with the generalized 
Melvin cosmologies is to set r = | and make use of trigonometric identities to obtain 


ds 2 = 


A = 


b 2 ( si 


sm 2 t ) c1+C2_2 , 9 (sin 2 r) Cl_1 . , 
dr 2 + A— „ \. ,-, (dy 


1\2 


4(cos 2 r) Cl+C2+2 

1 


4(cos 2 r) Cl 


+1 


+ 


(sin 2 r) C2 1 


4(cos 2 r) C2+1 


3^2 


(dy~) 2 + 4 sin 2 r cos 2 r(dy i ) 

(44) 


cos 2 r 


dy 6 


Let us now make a further change in time coordinate such that 

o 1 


cos r = J, 


»in ! r=~ (T/Tc) 2 ’ 


(45) 


with / = 1 + ^(T/T 0 ) 2r? and y = (ci + c 2 — 1) 1 . The metric and gauge field then have 
the form of the generalized Melvin cosmologies (21) with 

Pi = (ci - 1 ) 77 , P 2 = (c 2 - 1 )rj, P3 = V (46) 


if we take the dimensionful constant b in (43) to be given according to 




v 


( 47 ) 
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